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a b s t r a c t
In this note our aim is to deduce some sufficient conditions for integral operators involving
Bessel functions of the first kind to be univalent in the open unit disk. The key tools in
our proofs are the generalized versions of the well-known Ahlfors’ and Becker’s univalence
criteria and some inequalities for the normalized Bessel functions of the first kind.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
LetA denote the class of the normalized functions of the form
f (z) = z +
∑
n≥2
anzn,
which are analytic in the open unit disk D = {z ∈ C : |z| < 1}. Further, by S we denote the class of all functions inAwhich
are univalent (or schlicht) in D. In the last two decades many authors (see for example [1] and the references therein) have
obtained various sufficient conditions for the univalence of the following integral operators:
Fα1,α1,...,αn,β(z) =
{
β
∫ z
0
tβ−1
n∏
i=1
(
fi(t)
t
)1/αi
dt
}1/β
, (1)
and
Fγ (z) =
{
γ
∫ z
0
tγ−1
(
ef (t)
)γ
dt
}1/γ
, (2)
where the functions f1, f2, . . . , fn and f belong to the class A and the parameters α1, α2, . . . , αn, α, β and γ are complex
numbers such that the integrals in (1) and (2) exist. Here and throughout the paper every many-valued function is taken
with the principal branch.
In this paper we are mainly interested in some integral operators of type (1) and (2) which involve the normalized Bessel
function of the first kind. More precisely, we would like to show that by using some inequalities for the normalized Bessel
functions of the first kind the univalence of some integral operators which involve Bessel functions can be derived easily
via some well-known univalence criteria. In particular, we obtain simple sufficient conditions for some integral operators
which involve the sine and cosine functions. In the proofs of our main results we need the following univalence criteria. The
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first result, i.e. Lemma 1 is a generalization of Ahlfors’ and Becker’s univalence criterion [2,3] (which corresponds to the case
β = 1), while the second, i.e. Lemma 2 is a generalization of the well-known univalence criterion of Becker [4] (which in
fact corresponds to the case β = α = 1). Finally, Lemma 3 is a consequence of the above mentioned criterion of Becker’s
and of the well-known Schwarz lemma.
Lemma 1 ([5]). Let β and c be complex numbers such that Re β > 0 and |c| ≤ 1, c 6= −1. If the function h ∈ A satisfies the
inequality∣∣∣∣c |z|2β + (1− |z|2β) zh′′(z)βh′(z)
∣∣∣∣ ≤ 1
for all z ∈ D, then the function Fβ ∈ A, defined by
Fβ(z) =
{
β
∫ z
0
tβ−1h′(t)dt
}1/β
, (3)
is in the class S, i.e. is univalent in D.
Lemma 2 ([6]). Let α ∈ C such that Re α > 0. If h ∈ A satisfies
1− |z|2Re α
Re α
∣∣∣∣ zh′′(z)h′(z)
∣∣∣∣ ≤ 1
for all z ∈ D, then for all β ∈ C such that Re β ≥ Re α, the function, defined by (3), is in the class S.
Lemma 3 ([7]). Let γ ∈ C and α ∈ R such that Re γ ≥ 1, α > 1 and 2α|γ | ≤ 3√3. If h ∈ A satisfies the inequality∣∣zh′(z)∣∣ ≤ α for all z ∈ D, then the function Fγ : D→ C, defined by
Fγ (z) =
{
γ
∫ z
0
tγ−1(eh(t))γ dt
}1/γ
,
is in the class S.
The Bessel function of the first kind of order ν is defined by the infinite series
Jν(z) =
∑
n≥0
(−1)n(z/2)2n+ν
n!Γ (n+ ν + 1) ,
where Γ stands for the Euler gamma function, z ∈ C and ν ∈ R. Recently, Szász and Kupán [8] investigated the univalence
of the normalized Bessel function of the first kind gν : D→ C, defined by
gν(z) = 2νΓ (ν + 1)z1−ν/2Jν(z1/2) = z +
∑
n≥1
(−1)nzn+1
4nn!(ν + 1) . . . (ν + n) .
The following result is mainly based on [8] and is one of the crucial facts in the proofs of the our main results.
Lemma 4. Let ν > (−5 + √5)/4 and consider the normalized Bessel function of the first kind gν : D → C, defined by
gν(z) = 2νΓ (ν + 1)z1−ν/2Jν(z1/2), where Jν stands for the Bessel function of the first kind. Then the following inequalities hold
for all z ∈ D∣∣∣∣ zg ′ν(z)gν(z) − 1
∣∣∣∣ ≤ ν + 24ν2 + 10ν + 5 , (4)∣∣zg ′ν(z)∣∣ ≤ 4ν2 + 13ν + 11(ν + 1)(4ν + 7) . (5)
Proof. It is known [8] that for all ν > (−5+√5)/4 and z ∈ Dwe have∣∣∣∣g ′ν(z)− gν(z)z
∣∣∣∣ ≤ ν + 2(ν + 1)(4ν + 7) and
∣∣∣∣gν(z)z
∣∣∣∣ ≥ 4ν2 + 10ν + 5(ν + 1)(4ν + 7) .
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Combining these inequalities we immediately get that (4) holds. Finally, by using the definition of the normalized Bessel
function, we obtain that for all ν > (−5+√5)/4 and z ∈ D
∣∣zg ′ν(z)∣∣ =
∣∣∣∣∣z +∑
n≥1
(−1)n(n+ 1)zn+1
4nn!(ν + 1) . . . (ν + n)
∣∣∣∣∣ ≤ 1+∑
n≥1
n+ 1
4nn!(ν + 1) . . . (ν + n)
≤ 1+ 1
2(ν + 1)
∑
n≥1
1
[4(ν + 2)]n−1 =
4ν2 + 13ν + 11
(ν + 1)(4ν + 7) . 
2. Univalence of some integral operators involving Bessel functions
Our first main result is an application of Lemma 1 and contains sufficient conditions for an integral operator of the type
(1) when the functions fi are the normalized Bessel functions with various parameters.
Theorem 1. Let n be a natural number and let ν1, ν2, . . . , νn > (−5+
√
5)/4. Consider the functions gνi : D→ C, defined by
gνi(z) = 2νiΓ (νi + 1)z1−νi/2Jνi(z1/2).
Let ν = min{ν1, ν2, . . . , νn}, β ∈ C with Re β > 0, c ∈ C with c 6= −1 and let α1, α2, . . . , αn be nonzero complex numbers.
Moreover, suppose that these numbers satisfy the following inequality
|c| + ν + 2
4ν2 + 10ν + 5
n∑
i=1
n
|βαi| ≤ 1.
Then the function Fν1,...,νn,α1,...,αn,β : D→ C, defined by
Fν1,...,νn,α1,...,αn,β(z) =
{
β
∫ z
0
tβ−1
n∏
i=1
(
gνi(t)
t
)1/αi
dt
}1/β
,
is in S, i.e. is univalent in D.
Proof. Let us consider the function Fν1,...,νn,α1,...,αn : D→ C, defined by
Fν1,...,νn,α1,...,αn(z) =
∫ z
0
n∏
i=1
(
gνi(t)
t
)1/αi
dt.
First observe that, since for all i ∈ {1, 2, . . . , n} we have gνi ∈ A, i.e. gνi(0) = g ′νi(0) − 1 = 0, clearly Fν1,...,νn,α1,...,αn ∈ A,
i.e. Fν1,...,νn,α1,...,αn(0) = F ′ν1,...,νn,α1,...,αn(0)− 1 = 0. On the other hand, it is easy to see that
F ′ν1,...,νn,α1,...,αn(z) =
n∏
i=1
(
gνi(z)
z
)1/αi
and
zF ′′ν1,...,νn,α1,...,αn(z)
F ′ν1,...,νn,α1,...,αn(z)
=
n∑
i=1
1
αi
( zg ′νi(z)
gνi(z)
− 1
)
.
Now, by using the inequality (4) for each νi, where i ∈ {1, 2, . . . , n}, we obtain∣∣∣∣∣ zF ′′ν1,...,νn,α1,...,αn(z)F ′ν1,...,νn,α1,...,αn(z)
∣∣∣∣∣ = n∑
i=1
1
|αi|
∣∣∣∣ zg ′νi(z)gνi(z) − 1
∣∣∣∣ ≤ n∑
i=1
1
|αi|
νi + 2
4ν2i + 10νi + 5
≤
n∑
i=1
n
|αi|
ν + 2
4ν2 + 10ν + 5
for all z ∈ D and ν, ν1, ν2, . . . , νn > (−5+
√
5)/4. Here we used that the function ϕ : ((−5+√5)/4,∞)→ R, defined by
ϕ(x) = x+ 2
4x2 + 10x+ 5 ,
is decreasing and consequently for all i ∈ {1, 2, . . . , n}we have
νi + 2
4ν2i + 10νi + 5
≤ ν + 2
4ν2 + 10ν + 5 .
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Now, by using the triangle inequality and the hypothesis, we obtain∣∣∣∣∣c |z|2β + (1− |z|2β) zF ′′ν1,...,νn,α1,...,αn(z)βF ′ν1,...,νn,α1,...,αn(z)
∣∣∣∣∣ ≤ |c| + ν + 24ν2 + 10ν + 5
n∑
i=1
n
|βαi| ≤ 1,
which in view of Lemma 1 implies that Fν1,...,νn,α1,...,αn,β ∈ S. With this the proof is complete. 
Choosing α1 = α2 = · · · = αn = α in Theorem 1, we have the following result.
Corollary 1. Let the numbers β, c, ν, ν1, . . . , νn be as in Theorem 1 and let α be a nonzero complex number. Moreover, suppose
that the functions gνi ∈ A are as in Theorem 1 and the following inequality
|c| + 1|αβ|
(ν + 2)n2
4ν2 + 10ν + 5 ≤ 1
is valid. Then, the function Fν1,...,νn,α,β : D→ C, defined by
Fν1,...,νn,α,β(z) =
{
β
∫ z
0
tβ−1
n∏
i=1
(
gνi(t)
t
)1/α
dt
}1/β
,
is in S, i.e. is univalent in D.
Observe that g1/2(z) = √z sin√z and g−1/2(z) = z cos√z. Thus, taking n = 1 in Theorem 1 or in Corollary 1, we
immediately obtain the following result.
Corollary 2. Let ν > (−5+√5)/4, β ∈ Cwith Re β > 0, c ∈ Cwith c 6= −1 and let α 6= 0 be a complex number. Moreover,
suppose that these numbers satisfy the following inequality
|c| + 1|αβ|
ν + 2
4ν2 + 10ν + 5 ≤ 1.
Then the function Fν,α,β : D→ C, defined by
Fν,α,β(z) =
{
β
∫ z
0
tβ−1
(
gν(t)
t
)1/α
dt
}1/β
,
is in S. In particular, if |c| + (5/22)/|αβ| ≤ 1, then the function F1/2,α,β : D→ C, defined by
F1/2,α,β(z) =
β
∫ z
0
tβ−1
(
sin
√
t√
t
)1/α
dt

1/β
,
is in S. Moreover, if |c| + (3/2)/|αβ| ≤ 1, then the function F−1/2,α,β : D→ C, defined by
F−1/2,α,β(z) =
{
β
∫ z
0
tβ−1
(
cos
√
t
)1/α
dt
}1/β
,
is in S.
The following result contains another sufficient conditions for integrals of the type (1) to be univalent in the unit disk D.
The key tools in the proof are Lemma 2 and the inequality (4).
Theorem 2. Let n be a natural number, ν1, ν2, . . . , νn > (−5+
√
5)/4 and consider the normalized Bessel functions gνi : D→
C, defined by
gνi(z) = 2νiΓ (νi + 1)z1−νi/2Jνi(z1/2).
Let ν = min{ν1, ν2, . . . , νn}, α ∈ C with Re α > 0, and suppose that these numbers satisfy the following inequality
|α| ≤ 1
n
4ν2 + 10ν + 5
ν + 2 Re α.
Then the function Fν1,...,νn,α,n : D→ C, defined by
Fν1,...,νn,α,n(z) =
{
(nα + 1)
∫ z
0
n∏
i=1
(
gνi(t)
)α dt}1/(nα+1) ,
is in S, i.e. is univalent in D.
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Proof. Let us consider the auxiliary function Fν1,...,νn,α : D→ C, defined by
Fν1,...,νn,α(z) =
∫ z
0
n∏
i=1
(
gνi(t)
t
)α
dt.
Observe that Fν1,...,νn,α ∈ A, i.e. Fν1,...,νn,α(0) = F ′ν1,...,νn,α(0)− 1 = 0. On the other hand, by using (4) and the fact that for all
i ∈ {1, 2, . . . , n}
νi + 2
4ν2i + 10νi + 5
≤ ν + 2
4ν2 + 10ν + 5 ,
we obtain that for all z ∈ D
1− |z|2Re α
Re α
∣∣∣∣∣ zF ′′ν1,...,νn,α(z)F ′ν1,...,νn,α(z)
∣∣∣∣∣ ≤ |α|Re α
n∑
i=1
∣∣∣∣ zg ′νi(z)gνi(z) − 1
∣∣∣∣ ≤ |nα|Re α · ν + 24ν2 + 10ν + 5 ≤ 1.
Now, since Re (nα + 1) > Re α and the function Fν1,...,νn,α,n can be rewritten in the form
Fν1,...,νn,α,n(z) =
{
(nα + 1)
∫ z
0
tnα
n∏
i=1
(
gνi(t)
t
)α
dt
}1/(nα+1)
,
applying Lemma 2, the required results follows. 
Now, by choosing n = 1 in Theorem 2 we obtain the following particular result.
Corollary 3. Let ν > (−5 + √5)/4 and consider the normalized Bessel function gν : D → C, defined by gν(z) =
2νΓ (ν + 1)z1−ν/2Jν(z1/2). Moreover, let α ∈ C such that Re α > 0 and
|α| ≤ 4ν
2 + 10ν + 5
ν + 2 Re α.
Then the function Fν,α : D→ C, defined by
Fν,α(z) =
{
(α + 1)
∫ z
0
(gν(t))α dt
}1/(α+1)
,
is univalent in D. In particular, if |α| ≤ (22/5)Re α, then F1/2,α : D→ C, defined by
F1/2,α(z) =
{
(α + 1)
∫ z
0
(√
t sin
√
t
)α
dt
}1/(α+1)
,
is in S. Moreover, if |α| ≤ (2/3)Re α, then the function F−1/2,α : D→ C, defined by
F−1/2,α(z) =
{
(α + 1)
∫ z
0
(
t cos
√
t
)α
dt
}1/(α+1)
,
is univalent in D.
Finally, by applying Lemma 3 and the inequality (5), we easily get the following result.
Theorem 3. Let γ ∈ C, ν > (−5+√5)/4 and let gν be the normalized Bessel function of the first kind. If Re γ ≥ 1 and
|γ | ≤ 3
√
3(ν + 1)(4ν + 7)
8ν2 + 26ν + 22 ,
then the function Fν,γ : D→ C, defined by
Fν,γ (z) =
{
γ
∫ z
0
tγ−1
(
egν (t)
)γ
dt
}1/γ
,
is univalent in D.
Choosing ν = 1/2, ν = −1/2 in the above theorem, we obtain the following particular cases.
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Corollary 4. If γ ∈ C such that Re γ ≥ 1 and |γ | ≤ 81√3/74, then F1/2,γ : D→ C, defined by
F1/2,γ (z) =
{
γ
∫ z
0
tγ−1
(
e
√
t sin
√
t
)γ
dt
}1/γ
,
is univalent in D.
Corollary 5. If γ ∈ C such that Re γ ≥ 1 and |γ | ≤ 15√3/22, then F−1/2,γ : D→ C, defined by
F−1/2,γ (z) =
{
γ
∫ z
0
tγ−1
(
et cos
√
t
)γ
dt
}1/γ
,
is univalent in D.
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